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THE STRESSES IN COLUMNS UNDER OOMBINED A¥1AIL AND SIDE LOADS.

By Karl Arnstein Dr. Eng, .

Friedrichshagen an Bodensee.

The problem before us is to determine the total Htresses

in an axially loaded column of any degree of restraint which 1s
also subject to transverse bending both from & uniformly distrib-
uted load and from concentrated loads. The solution of this proo-
lem is of especial importance in the design of aircraft which
consist of slender columns. |

Consider the general case (Fig. 1).

A column of length L whicn is encastre'ed at the points of
support by the moments My and My and sﬁpports the axial lcad P
is also subjected to bending by both a uniformly distributed load
of w and concentrated loads.

The length of the column is divided into (n + i, sections
by the n concentrated loads.

If Mp 1is the simple bending moment at a section between

ar and ar4; and Mr is the total bending moment then
My = Mg + Py

The differential eduation of the elastic curve is

da
EI VEE% = ~ My
. . e E I .
By introducing ¢ =,/ " p we can write
day M
2 - — - ~..Q
© ax® "V ="7F




For each one of the

2 -

-

(n+1) sections there is a differential

wwgguation of.the dbove form from which

l 1 2 =N L"é.r -
My =5 wlx - 3 wx® + IEI BT X -
I'=N : M. - M
- L Fr (x-ar) +—Ma+';g~f*-§ x
T=T-+1 _

Between a. and a;,; the eduation of the deflection curve
is yp = ap cos % + Bp Sin-é - % (we® + Mgy) and the derivative
for the tangent to this curve is
X x Mo
Vp = — 3G &p.8ing + 3 By cos P
in which , :
rgn L - a; T=n My - Mg
! = - - oy ——— — e e
Mo =3 wh - wx + ey Fr T r§i41 Fr + L

For tne determination of the 2(n+1) constants A and B the

following conditions

Once for x

]
(o]

ane for x =L
n times for x

n times for x

'_The solution of

are used:

B T Vo, = 0
e R Vo =0
=, ~ === === V-1 = Vo
= 8p em e - o— o o— o = - Yo, = 7%

these (3n + 8) equations gives the following

values for the constants:




| T=n F a
Ar = Ap + c Z ﬁé sin-al

T=T+1
wherein
: An = '%‘ : (Wcz + Ma,)
r=r F. 8
Bp = BO f c ﬁzi cos 5
-in which .
i 1 1 L
- = 2 LM - = (we® + M,) cot 3
Bo = 3 (we f ) ';;;fg p . a) c
L ™=n F, .  ar
~ c cot g rE& o S g

By the help of these constants the form of the snear and

moment curves can be determined. Dbetween a,.; and ay.

The moment My = P (Ap cos = + By sin %) - wc?

c
. P - : X
The shear Ve =3 (- AL 31n-% + By cos 5)

The maximum bending moment occurs at the abscissa xy, if
Xy  Br . .
tan'3~ = F. gives a real value of x, falling between
T
aryy and ap.
Knowing the moments the deflection is then determined from

1
Yr =P My - My)

1. Special case with a numerical example (Figs. 2 and 3).

A freely supported beam is subjected to only one transverse

.load. The constants are then



Ay = 0

Ao = ¢ %l s:t.n‘-g-'-J=

Bg =~ © -El sin-gl‘cot %
Bi = Bg +c %l cog —>

The moment between -

X=0 toa is My = PB; sinf %
and

x=a, tol .is My =P(A, cos> + By sin )

The maximum moment occurs at the point Xp as long as

Xy Lo, e
tan 5 = — cot 5 s&ives a value X, = L —-§-TT whica is greater
than a._.

1

That is: If thne load is applied within the portion from

X=0 tox=1L-%mn the maximum bending moment always comes at

alo

the point x = L -~ %11 and not under the load.

A beam of L = 4.0 meters span and witk

/EI '
Cc = p = 2.0 meters carries at a distance of

a; = 0.5 meters from the left support a load By = 350 kg.

At the same time it is subjected to an axial load of P = 5000 kg.
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From the duantities

.

: a
N 5 -sin.— = 0.848 ; cos "a'l = 0.969 H

Q

!
o

o

c
. L
GoOb o

One obtains the values of the constants

As = 0.0348
Bo = 0.0114
By = 0.1083
The moments
M; = ©545.5 sin '%
X X
Mg = 184 cos 3 + &7 sin

The point of maximum momernt Xy = 0.86 m.

In Fig. 3 the moment curves are shown. The point of maximum
moment does not lie under the load but at section Xy = 0.86 m.

3. ©Special Case. The loads are located symmetrically about

the middle of the beam. (Fig. 4). From the above we find tke con-

stants B

a
— = 3 =% sin e
o cog.ga + ¢ tan 3o r-1 P c

. 1 L C 1 L T=v. Fp
Bo =3 (wo2 + Ma) tan 5 tg K

r=r F a
Br = By +c % =—fcos-=L
) r=1 F G
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Since the constants A remain unchanged the maximum bending

moment in the middle of the beanm is

1 ) ' L C L
M = T [’Wﬂz (1 - cos Zg) +3 Fo sin 73
cos H—
ac : .
T=n a-I,
+ C %z F sin = + i
d roq T c a

From this formula all the individual cases can be derived.
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